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Abstract. 

The influence of a magnetic field on the mass generation in 2+1 dimensional QED is 
considered.lt is shown that the magnetic field is a catalyst of the generation of a fermion 
dynamical mass. The mass arises in the system with arbitrary number of fermions, not 
only with N < 4, as it is in the system without the magnetic field. The polarization 
tensor is calculated for a constant magnetic field. 
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Introduction. 



It was shown in [1-4] that a constant magnetic field is a strong catalyst of dynamical 
mass generation and flavor symmetry breaking because of the interaction between 
fermions. This effect is due to the dimensional reduction (D — > D — 2) in dynamics of 
pairing of fermions in a magnetic field. It is connected with restricton of the motion 
of charged particles in directions that are perpendicular to the magnetic field. The 
phenomenon of the catalysis was illustrated by the Nambu-Jona-Lasinio model (NJL) 
in 2+1 and 3+1 dimentions, quantum electrodynamics (QED) in 3+1 dimensions. The 
crucial role of the lowest Landau level (LLL) in catalyzing the spontaneous symmetry 
breaking was emphasized. The role of the LLL in the effect of dynamical symmetry 
breaking is similar to the role of the Fermi surface in the BCS theory. 

Here we investigate effect of the dynamical mass generation in 2+1 electrodynam- 
ics (QED3 ) in an external magnetic field. There are N flavors in the system, initial 
lagrangian is massless. This model is interesting from two points of view. At first, 
QED 3 can serve as an effective theory for the discription of longvawe excitations in 
planar systems in the condensed matter theories |7|]. QED 3 also has properties remi- 
niscent of QCD and other four- dimensional gauge theories || ||. The investigation of 
the Schwinger- Dyson equation for the fermion self energy in T/N expansion without 
magnetic field indicates that there exists critical number of fermions ( N c ~ 3 4- 4) || , 
the chiral symetry is broken for iV < N c . In such a way QED 3 has two phases (massive 
and massless) depending on parameters of the theory, as it was in NJL and QED 4 (in 
ladder approximation). But in contrast to QED4 polarization effects must be taken 
into acccount to obtain the chiral phase transition. With turning on a strong magnetic 
field in QED3 the dimensional reduction occurs and dynamical mass of fermions is 
generated for arbitrary number of flavors. 

This article contains three sections and appendix: in the first section the dimen- 
sional reduction of the space is considered with help of the Schwinger- Dyson equation, 
in the second section the effects that are connected with vacuum polarization are under 
consideration, in the third section the expression for a mass of fermions is obtained. 
The polarization tensor for the QED3 in the constant external magnetic field is obtained 
in appendix. 

l.The Schwinger-Dyson equation for the system with a magnetic field. 

In the presence of a magnetic field the infrared region is responsible for the mass gen- 
eration. This justifies using the ladder approximation because the full vertex is re- 
placed by its infrared asymptotics 7^ (Dirac matrices). Let us consider the Schwinger- 
Dyson (SD) equation in the improved ladder approximation (the vacuum polarization 
is taken into account). 

G{x, y) = S{x, y) - ie 2 J d 3 zd 3 tS(x, z)^G{z, t)YG(t, y)D^ u {t - z), (1) 

where G(x,y) = —i (0 T-?/> (2) ?/>(?/) 0^> is the full electron propagator, D fiu (x — y) = 
i (0 \TA fJi (x)A u (y) \ 0) is the full photon propagator, S is the free fermion propagator. 

fip \ ~ B B 

S(x, y) = exp (-(x - yTAf{x + y)J S(x - y) , A ext = (0, --x 2 , -x,). (2) 
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The expression for S will be written down further. The full electron propagator can 
be represented as follows: 

G(x, y) = exp - y)"A?{x + y)) G(x - y). (3) 

In terms of r = x — y, R = the SD equation takes the form: 

G(r) = S(r) - ie 2 j d z R x d z Tl S {^p- - R^j -fG(n)>fG + R^j 

■D^(- ri )exp (ie(r + r 1 )A ext (R 1 )) . (4) 

Transforming this into the momentum space, we obtain: 

n< \ at \ -2 f d 2 k±d 2 R ± d 2 q ± dk _ iq±R5 ( , q±\ 

G(p) =3{p)-ie J ^—y 5 e q± S [p ,P± + eA(R) + —J 

■YG(k)YG (po, P± + eA(R) - ^) D^(k - p , k ± -p x - 2eA(R)), (5) 

where qj_ = (91,92)- Schwinger found the exact expression for the free electron propa- 



gator in an external magnetic field [11 



S = exp(ie{x-yTAf(^pyjS{x-y), 
S(k) = —i J dsexp (—ism 2 + iskl — isk 2 J ' 



eBs J 

(P 7/i + (k 2 ^ - kV)tg(eBs))(l + ^HgieBs)). (6) 



According to |10| S can be decomposed over the Landau level poles: 

S{k) = -exp -— - 2^ — — , 7 

V \ e B\ / ^ rn — k£ — 2\eB\n 

where 

/ /op \ 

0„,0\ [ /-1 „• 1„,2, • ' — ^ - ' 



D n (eB, k) = (m + fc°7°) (1 - iTrsign(eB))L 



\eB\ 



-(l+ij^signieB))^ ( ^)) +4(fcV + fcV)^i 



JeB\J J v 1 '"'>-»->■ \ \eB\J 
Therefore, in strong enough field, the sum can be reduced to only one term (k, m dyn <C 



e\B\). 



S{p) = e^— ^ (i _ Z7 y . sign(B)), 

7 u Po — Tn 



t = l/Je\B\ is a magnetic length (let us take B > 0). The main contribution comes 

from the LLL. And this leads to the dimensional reduction. It is natural to search the 
full electron propagator in the form 



G(p) = e- £2 ^g(p ). 
If we substitute this into (PD, we obtain the equation for g: 



(9) 



g(poh°Po = 1 -17V 



ic 



4(2tt) 



r(l-i7V) I dk ^g(k )Yg( P o)D°(k -p ), (10) 



DIM)- j ' dH^e-^D^h 



Let us consider the matrix structure of the full electron propagator. We can write 
the SD equation in two equvalent forms: 



G(x, y) = S{x, y) - ie 2 I d 3 zd 3 tS(x, z)^G(z, t)YG(t, y)D flu {t - z), 



or 



G{x, y) = S(x, y) - ie 2 J d 3 zd 3 tG(x, z)^G{z, t)YS(t, y)D flu (t - z). 
Therefore the full propagator takes the form (see( |8|)) 



2 ' 2 

where £ is a matrix 4x4. In the standard representation 



P 



fa ? b ?\ fa b 0\ 




? ? ? ? 
c ? d ? 

V ? ? ? ?/ 



c d 
\fl 0/ 



a b 
c d 



In such a way a strong magnetic field restricts matrix structure of the full electron 
propagator to G G GL(2,C). Hence the equation for the full electron propagator 
reduces to the form: 



A(2^ 7 % - 2)A 



ie 



4(2vr) : 



2A / dk YA2g(k )AYA2g(po)AD°(k -p ) 



A = 1 'f 1 ' , 9 = A2fiA, 



(13) 
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where g is in general the linear combination of four matrices J, 7 , 7 s , 7 s . Because of 
identies A7 2 A = A^A = , [A, g] = 0, we get 



ie 2 



Pol° + 77T^ / ^o7 ^o)7 £o°o(^o - Po). (14) 



9(Po) (2tt) 

This equation has the one- dimensional form what justifies the term 'dimensional re- 
duction'. The system of equations for scalar functions can be obtained if we put 

G = e-^ \ Q 1 - (l-ryY) , ^= 4 o X 5 . ( 15 ) 
Aj u po — B Aj u p — B 



Po (1 - A( Po )) = --^ y rffc ^ M ^ 2 ^o°o(fco - Po), (16) 
^ 2 /"^ 5 ( fc o) n0 



= c^-p^^ -«,), (17) 

Where A, B are functions of one variable po- Transforming this into the Euclidean 
region (p — > i p), we obtain: 

B(p) =(^/*ITO5 D(fc - p) - (18) 

= - | <iVe-' 2 * /2 B 00 (*,P±). (20) 

2. The vacuum polarization in QED3 in an external magnetic field. 

Let us investigate the influence of the strong magnetic field on the vacuum polar- 
ization. For this purpose let us write the SD equation for the polarization tensor: 

W v (x, x') = -ie 2 Tr f d 3 y d 3 z G(z, x)^G(x, y)T u (y, z\x'), (21) 



where T v is the full vertex, G is the full electron propagator. Since in the strong 
magnetic field the full propagator has the structure fp]) and 

I^tV^^tV = y^pl-W ( w» = IT- (22) 
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then only II 00 does not vanish. Because of k^U^ = koll 00 = 0, which is a consequence of 
the gauge invariance, IP" (A;) = 0. Thus the LLL does not contribute to the polarization 
tensor. It means that photons become almost free in very strong magnetic field. The 



contribution of the next levels into the IT 00 is ~ l/ye\B\ (see appendix). 

The suppression of the vacuum polarization is connected with absence of the lon- 
gitudinal (with respect to the magnetic field) components of the polarization tensor in 
QED 3 . In general it takes the form (restrictions are put on by the gauge invariance 
and by the presence of only one singled out direction): 

IV = n (g^k 2 - kf.kj) + n ± (-^i - k^) + n n (sjU 2 - fcjfcl) (23) 



k\ + k\ , fcf = rt° , 9l 












(0 


(: 





:) 


, 9± = 


-1 











{0 





I. (24) 



The last term in Q2"3|) , which grows with the increase of the field in four-dimensional 
case JTJ, vanishes inQED3 . Thus, the contribution of the vacuum polarization to the 

effect of a mass generation is small when e 2 <C y/eB. Further it will be taken into 
account in the following way: 

A » M < 1 -F W + U'fl +A F- "« = "- 1 « 37 < 25 ' 

3. The dynamical mass of fermions in the strong magnetic field. 

Let us analyse equations ([18], 19). It is convinient to rewrite them in the dimension- 
less form: 

t(l-A(t)) = *ojds J s f^ M2 U(s-t) } (26) 

M(t) = ^Jds A2 f 2 ^ M2 U(s-t) } (27) 

M(s) = £B(£k) , A(s) = A(£k) , a 



4ir 2 (l + v Ne 2 e) ' 

U(s) = Jdt 6 ^- - e*VV jdt 1 - X{1 + m) e-*<*. (28) 

Further it will be shown that only infrared region is responsible for the mass generation, 
therefore we need to know only infrared behavior of the U. The first term in ( |28"D has 
the logarithmic singularity near s = 0. The second term is connected with a gauge and 



6 



is nonsingular, therefore its contribution is small. This fact reflects approximate gauge 
invariance of the ladder approximation. Further only singular term will be considered: 
U(s) ~ —ln(s). Let us suppose that B{p 2 ) decreases as function of p 2 ,A(p 2 ) tends to 
the finite value Aoo when p ^> B(0). Let us find A^. If we differentiate (|26l) and omit 
derivative of A at s ^> M(0), we obtain: 



And so Aoo = 1. To estimate A(0) let us make the next approximation: 

1 1 



A 2 p 2 + B 2 p 2 + B 2 (0)' 



(30) 



which works well both for p ^> B(0) and for p < B(0). Then after differentiating the 
expression in ( p6[) at t = we get: 

l -w»«/^^~wm-«H l+ mT- (31) 

We used infrared asymptotics of U and the fact that ( p0[) behaves as 5-function. Let us 
find M(0), it defines a fermion dynamical mass. At first let us prove that a dynamical 
mass is generated for arbitrary e 2 , N, if lm& yn <C 1. Approximate equation 

A, W = tt »/ <is ^S(0) c,(s - i) - (32) 

can be reduced to the Shrodinger equation as a result of transformation: 

V(x) = -a J dse^U(s) , = i- J ds e isX g2 ^l (Q) , (33) 

d 2 

— # + (£-F)* = , £ = -M 2 (0). (34) 
Using the first (singular) term in (28), we obtain 



3/2 / \ 9 °° 

V(x) = -^=-e* 2 / 2 Erfc , £r/c(x) = -±= | e^dt, (35) 



a; 



V(x) = -— , x > 1. 
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Therefore the potential is longrange. With the help of variational method, Q it is easy 
to show that equation ( |34|) has eigenvalues in discrete spectrum if U(s) > when 
s — > 0. In our case it means that mass is generated for arbitrary e 2 , N if £md yn *C 1. 
Let us find M(0). If we put s = in fl32|), we obtain 



M(0) = -ac f ds ^^ {Q) ln\a\. (36) 

Because of M(0) <C 1 and the expression to be integrated is singular near s=0 then 
the infrared region gives the main contribution to the integral. Therefore we can 
replace M{s) in the right-hand side to the M(0). Then M(0) « -ixa ln M(0). The 
approximate solution of this equation is 

M(0) ~ — na (ln(irao) + ln(—ln(ira ))) . (37) 

Then we obtain the expression for the dynamical mass of fermions: 

-M(0) 



m dyn « \/e\B 



A(0) 



n'2 



47r(l + is Ne 2 £) V Zn a vr 

' e 2 £ 



(/n(a vr) + /^(ao 71 "))) (3£ 



a 



4tt 2 (1 + z/ ATe 2 £) 



It is interesting to consider the case of the weak field in comparison with charge: 
e 2 ^> \j eB. In this case 



m dyn = V^BI (l - ^) (/n(aoTr) + /n(-/n(a vr)) , a = (39) 

When N ^> 1 the condition £md yn -C 1 is true, i.e. magnetic field can be turned off 
without breaking of the approximation e 2 £ < 1. It is in agreement with the fact that 
without a magnetic field fermions are massless when N ^> 1. 

This solution for md yn is non-analytic by the coupling constant and it can't be 
evaluated in the perturbation theory. It is in the full agreement with statements in 
|12||)||13|| about analytic dependence of the ground state energy in the one-dimensional 
Shrddinger equation with the long-range potential (V(x) ~ 1/x , x ^> 1). Non- 
analytical dependence of mdyn{&o) essentially differs QED 3 and 2+1 dimensional NJL 
where dependence of the rrid ym on the coupling constant is analytical: 

NG 

m dyn = \eB\— , G-0, (40) 

Z7T 

where iV is number of flavors, G is a coupling constant in the NJL model. The analytical 
dependence of md yn {G) is due to the short-range character of the potential V ~ 8(x) 

1 We can choose exp(-ex) as a trial function. 
2 by using iterations. 
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in this model. In ref. [DJ it is shown that the dependence of the ground state energy 
on the coupling constant in the one-dimensional Shrodinger equation 



+ (E — aV)$> 



dx 2 







is analytical if the next condition takes place: 



oo 



(1 + \x\)V{x)dx < oo 



,V(x) < 0. 



(41) 



— oo 



This condition is true for the NJL model and broken for QED 3 



Conclusion. 



With the help of the SD equation the problem of the dynamical mass generation in 
QED 3 in presence of the strong magnetic field was considered. The main effects that 
are due to the magnetic field are: 

1. Fermions become massive for arbitrary number of flavors in the system although 
without an external field the mass is generated only for N < N c ~ 4.32 This is 
connected in its turn with the dimensional reduction (D —>■ D — 2), which takes 
place in this problem. 

2. In the case of a very strong magnetic field the vacuum polarization almost does 
not contribute to the result. Photons become almost free in strong magnetic field. 
It is connected with absence of the longitudinal (with respect to the magnetic 
field) directions. This effect essentially differs QED3 from QED4 . 

3. Strong magnetic field shifts the mass generation to the infrared region (p < md yn )- 
In the QED3 without external magnetic field the middle region md yn < p < 
N e 2 /8 is responsible for the mass generation. 

4. The dependence of the md yn on the coupling constant is non-analytical in contrast 
to the NJL model. 
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Appendix. 

The polarization tensor in presence of a constant magnetic field. 

The polarization tensor can be evaluated in the second order of the perturbation 
theory using the method of 0. 

IV(fc) = -xeHr ( ltl S(p) lv S{p - k)) , (...) = f (42) 



(2vr) 3 '" 

S is the free fermion propagator. Let us represent it in the next form: 

oo 

S(k) = —i J ds exp (—is (m 2 — k 2 + k\— — Y\ 
o 

■ (F7 M + m + (fcV - k l -f 2 )tg z) (l + ^jHg z) = 

OO / ' 7 \ 

= -i fds exp (-is ( m 2 - kl + k 2 J^-)) ( (fc° 7 ° + m)— + ) , (43) 
J V V z J J \ cos z cos l z J 

x / 

z = eBs. 

After some computations we have obtained the expression for the polarization ten- 
IV(/c) = n(A:) (g, v k 2 - k,k u ) + U ± (k) (-g^kl - ^X) > ( 44 ) 



n OO 1 . 

n = C W4 e f t dv c _ iaifi0 f z cos zv - zv ctg z sin zv \ 

AixJlx J \fs J 2 \ sin z J ' 

v o -1 

U ± = e-/ 4 ^ 7^ / %-^ C0S ZV ~ C0S Z 2z - IT (46) 
AnJii J Js J 2 sin 3 z 
v o v -1 

The sign '— ' before the g± is due to the k\ = k 2 + k\. The full photon propagator is 
equal to: 



sor: 



k^k 1 - k k 

~ k 2 (i + n) ~k? 



D„„ = .. I gl, - -4^ - 

1 / i fc/, /s w \ , ki,k 



+ g + M-*Hu K + if +A ^' (47) 
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In Euclidean notation the quantities II, II j_ take the form: 

e 2 r ds r dv _ sip (zchzv zv cth z sh zv\ 
Att^ J 7s J ~2 6 \ sh z shz )' ^ ' 

n ± = * / * / fe v**--*"^ _ n , («) 

47TV7T J Js J 2 s/rz 
v -1 

2 l-"y 2 )2 chz-chzv l2 , ., . . 

= m H — fc 3 H k ± , fe 3 = ik . (50) 

4 2z sh z 

Both integrals are finite for \B\ > 0. Because we need only (]48f) , let us investigate it 
in detail. For zero momentum 

II(m) = ^— 7iV £2m2 * f — - —) (51) 
47TA/7T 7 -y/i \ z sh 2 z J 

n(0) « 0.14037e 2 £= e 2 £ 

While increases, ( f48|) slowly decreases. Because the leading contribution is given 
from the infrared region, we can replace H(p) to the 11(0). If there are N flavors in the 
system then all II must be multiplied on N because N equalent diagramms contribute 

to pi). 
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